Connectivity analysis is a crucial metric for network performance in vehicular ad-hoc networks (VANETs). Although VANET connectivity has been intensively studied and investigated under channel models without fading for their simplicity, the connectivity probability provided by these studies does not mimic the real-world scenarios that suffer from channel impairments. However, the connectivity probability was too challenging to be caught by a closed formula due to the emerging complexity associated with the randomness in a fading channel. In this paper, we precisely estimate the connectivity probability using a proposed graph-based algorithm. The results prove that Rayleigh-fading channels reinforce the connectivity compared to no-fading models at the same level of transmitting power and vehicle densities. Using simulations and analysis, we thoroughly investigate these outcomes and their causes providing closed formulas for singlelink connectivity and an upper bound for vehicle connectivity under fading conditions. We also exploit the numeric results of the proposed algorithm to deduce an upper bound for the VANET connectivity probability under Rayleigh-fading channels.
I. INTRODUCTION
I NTELLIGENT transportation systems no longer belong to the future due to the recent advances in their key enablers, especially vehicle communications. The latter can provide a various number of applications ranging from safety and traffic alert dissemination to dynamic routing planning to entertainment, gaming and content sharing [1] - [3] . Furthermore, vehicle communication was envisioned as a technology accelerator for autonomous vehicles to hit the road [4] . Internet of vehicles (IoV) is another emerging technology that mainly relies on vehicular ad-hoc networks (VANETs) [5] , [6] . Vehicle communications have been immensely developed pushing towards the release of new emerging standards [7] - [9] . Among the efforts, connectivity analysis has been well investigated in the literature as a crucial metric for network performance.
In VANETs, vehicles are supposed to communicate with each other in one-or multi-hop routes without the need to an infrastructure network. Therefore, VANETs are considered as mobile ad-hoc networks (MANETs) having their nodes arranged in predetermined one-dimensional (1D) roads. The connectivity analysis is, accordingly, simplified and influenced by traffic headway and vehicle mobility alongside the communication environment. Traffic headway is defined as the distance from the front bumper of one vehicle to the front S. Elaraby and S. M. Abuelenin bumper of its successive. While the exponential distribution is widely accepted to describe free-flow traffic headways, other theoretical and empirical models were suggested for better headway modeling under other traffic conditions [10] - [14] .
Communication channel modeling has also a significant impact on connectivity analysis. In the literature, several studies relied on the fixed communication range model [13] , [15] - [23] , also known as the unit disc model [24] - [27] , which neglects the effects of the channel. In such models, the communication range of any vehicle, within which the received signal-to-noise ratio (SNR) is kept higher than a certain threshold value, is restricted to a predefined circle with the vehicle in its center. Even though this assumption simplifies the computational complexity of connectivity analysis, it is understood to only convey the network average behavior [27] . Therefore, the unit disc model has been severely criticized in the literature [26] , [27] . For example, [26] proved that the average node degree, which is the average number of vehicles connected to one vehicle, of the unit disc is nearly double its counterpart in log-normal fading models at higher vehicle densities.
A. Related Work
Different studies in the literature have considered connectivity analysis under channel impairments [28] - [32] . More specifically, [28] analyzes the effect of lognormal shadowing and Rayleigh fading on connectivity by finding an expression for the probability that two nodes are connected if the distance between them is less than the communication range. References [29] - [32] followed similar methodology, but considering additional fading models. Their method is accurate in describing the connectivity between any two successive vehicles, but it becomes challenging when analyzing network connectivity. The channel impairments can cause one node to be unreachable by its nearest neighbor while, at the same time, reachable by a node that is further away. This fact falsifies the connectivity analysis delivered in [31] , where the network connectivity probability is defined as the probability that each two consecutive nodes are connected.
It is widely agreed that channel impairments, especially fading, would negatively impact the connectivity of VANETs as it does for regular communications. In addition to the deteriorated node degree in [26] , the authors of [33] claimed that fading channels require higher transmission power or vehicle density to achieve the same level of connectivity as of the unit disc model. It is even explicitly stated in [34] that Rayleigh-fading channels have negative impacts on connectivity of ad-hoc networks, and there would be no improvement in connectivity except by means of diversity. Moreover, the connectivity probability of VANETs deduced in [31] shows deteriorated connectivity in fading channels compared to the unit disc channel.
On the contrary, while the authors of [35] were investigating the impact of shadowing on connectivity, they argued that the higher the fading variance is, the higher the connectivity probability of MANETs becomes. Besides, [36] claims that fading increases the probability of long links yielding to improved connectivity in ad-hoc networks. A similar remark was observed under certain conditions in [37] , [38] in static wireless ad-hoc networks (WANETs) that have their nodes uniformly distributed in a 2D space. To the best of our knowledge, the reported findings of the improved network connectivity in fading channels were only restricted to MANETs and static WANETs under certain assumptions.
These findings should be thoroughly assessed before they are generalized to VANETs due to the problem restrictions. Not only do vehicles constitute 1D queues, but also VANETs employ different headway distributions, and their vehicle densities, considering free-flow traffic, are much lower than node densities in other ad-hoc networks. In this paper, we tackle this issue by proposing a graph-based algorithm that can precisely capture the vehicular network behavior. Using analysis and simulations, we negate the claims of [26] , [31] , [33] and prove the improved connectivity in VANETs under Rayleigh-fading conditions associated with free-flow traffic.
B. Paper Organization
First, we define the connectivity problem in VANETs in Section II. Then, the VANET model is presented in Section III along with VANET connectivity in the unit disc model. Graph-based simulations are discussed in Section IV, while Section V provides a detailed analysis of the single-link and vehicle connectivity in a Rayleigh-fading channel. The network connectivity is then delivered in Section VI, before the conclusions are presented in Section VII.
II. INSTANTANEOUS CONNECTIVITY IN VANETS
The definition of network connectivity can vary according to applications if considered from a physical-layer perspective. The one considered in this paper copes with the extreme case, where all nodes should be connected altogether to form one whole mesh at any given time. In other words, each pair of nodes can exchange message packets through a singleor multi-hop route at any given time. This definition does not tolerate even partitioned networks, in which nodes are gathered in groups each of which has its nodes connected to each other but completely disconnected from the other groups. In broadcasting applications, for example, the delivery of broadcast messages to all the nodes on a certain road segment is then sustained with considerable delays. The connectivity analysis, therefore, assesses the probability that the network is connected on the physical layer. Although the connectivity would change with vehicle mobility over time, this paper, like [13] , [16] , [18] - [32] , considers the instantaneous connectivity, which limits the analysis to a snapshot where all vehicles are considered fixed. The vehicle mobility and speed still influence the intervehicle spacing and vehicle density. Consequently, the instantaneous connectivity can estimate the minimum average vehicle density that maintains a certain level of connectivity.
The network connectivity is also influenced by communication channels between nodes. In an environment that is free of channel impairments, the signals are attenuated over the space according to the free-space propagation model. The wave propagations form circles of fixed received power around the transmitter, which is connected to the receivers located inside a circle of a certain threshold. When a multipath propagation is considered, one signal can encounter different paths between the transceivers. These copies of the signal that arrive with different time delays sum up constructively or destructively, and their random behavior is captured by statistical models. In this paper, we consider the Rayleigh-fading model which is valid when line-of-sight (LoS) propagation is absent. In this case, the circles of fixed received power render to irregular random contours around the transmitter that vary rapidly over time as expected in a fast-fading environment.
Fading has its negative implications on direct wireless links between any two certain nodes. Ad-hoc networks, however, can substitute direct links with multi-hop routes, and their connectivity definition gets beyond the connectivity between a single pair of nodes. We then consider different definitions of connectivity in VANETs; Single-link connectivity is the probability that two nodes are connected with a direct link. Each vehicle that maintains a single link with another vehicle is called its linked neighbor. Two-side vehicle isolation is the probability that a vehicle has no linked neighbors at all. One-side vehicle isolation. Each vehicle has neighbors both in front of and behind it (see Fig. 3a ), which are known as forward and backward neighbors, respectively. One-side vehicle isolation is then defined as the probability that a vehicle has no linked neighbors in a predefined side. Vehicle connectivity is the probability that a vehicle is not isolated. Thus it represents the complement event of vehicle isolation, and accordingly has one-and two-side definitions. Network connectivity, or simply connectivity, is the probability that all the nodes form one unpartitioned cluster.
In the following sections, we compare those definitions in both the unit disc and Rayleigh-fading models in order to better comprehend the effects of fading on connectivity.
III. VANET MODEL AND CONNECTIVITY AT FIXED COMMUNICATION RANGE
In this paper, the considered VANET model is of a multilane segment of a highway with a length of L. Due to vehicle sparseness on a highway, the vehicles, with a vehicle density ρ, are free to choose their own speed. Thus, their movements are independent of each other and this behavior is captured in the free-flow traffic model [11] .
A. Free-Flow Traffic Model
According to traffic theory, any sensor placed along a highway observes the arrival of vehicles as a Poisson process, as long as the vehicles follow free-flow traffic. Consequently, the intervehicle spacings between every two consecutive vehicles were proved to be i.i.d. random variables with exponential distributions [39] . Let the intervehicle spacing between vehicle V i and V i+1 , where i = 1, 2, . . . , N − 1, be a random variable X i and its probability density function (PDF) be
Since the lane separation is extremely small compared to the intervehicle spacing along the road, the former is commonly neglected under the free-flow traffic conditions.
B. Single-Link Connectivity at a Fixed Communication Range
The connectivity of our interest is the instantaneous connectivity captured as a snapshot of the network at any given moment. The instantaneous single-link connectivity between any two vehicles depends on the transmitting power, vehicle density, and communication channel between them [35] . We assume that the power transmitted from all vehicles is identical, which leads to omitting it from the analysis. Following the free-space propagation model, the received SNR can be defined as
where P T is the transmitted power, β is a constant associated with the path loss model, α is the PLE, and P noise is the noise power. At a certain PLE, if we consider a circle around the transmitter, the received power, and the SNR accordingly, will remain constant along this circle. The fixed communication range r can then be determined from Eq. (2) as the distance d that maintains a certain level of received SNR Ψ. While we have defined single-link connectivity in Section II to include the connectivity between any two nodes, we restrict it to the first successive node only in the unit disc model. Since a vehicle that is connected to its second nearest neighbor definitely has a link to its first successive neighbor, the connectivity to far neighbors contains redundant information. Therefore, direct links to farther neighbors are omitted in the probabilistic analysis. Any two consecutive vehicles are connected if each vehicle is located within the communication range of the other. Thus, the single-link connectivity becomes
where the superscript of P
SL refers to the first successive neighbor restriction, and F Xi (r) is the cumulative distribution function (CDF) of the intervehicle spacing [22] .
C. VANET Connectivity
The network connectivity, accordingly, is the probability that each vehicle is connected to its first successive neighbor. For a network of N vehicles, the network connectivity is conditioned by the existence of N − 1 links, each of which connects two different adjacent vehicles. Hence, the network probability can be evaluated as discussed in [22] by
Since r is assumed to be fixed, the VANET connectivity depends on both vehicle density and the total number of vehicles. It can be inferred that the higher the average vehicle density, the higher the connectivity probability we can achieve.
IV. GRAPH THEORY APPROACH FOR CONNECTIVITY
A vehicular network can be represented as a graph, where its vertices are the vehicles and its edges are the connections between the vehicles if exist. Graphs are classified into weighted and unweighted graphs. For weighted graphs, each edge is associated with a weight representing a predetermined distance between the two vertices. In contrast, unweighted graphs suspend the edge weights and assign every edge to a weight of one. Graphs can also be categorized as directed and undirected graphs. In directed graphs, an edge between two nodes indicates that the connection is valid from one node to the other and not the other way around. In VANETs, the corresponding graph is assumed to be unweighted. The communication channel between any two vehicles is considered identical in both ways under the unit disc and Rayleigh-fading channels. Therefore, the undirected graphs are found to best represent the considered scenarios.
Graphs can be represented mathematically by two different types of matrices. First is the adjacency matrix that represents the graph structure, i.e., its vertices and edges. The adjacency matrix A is a matrix whose element A ij is one if there exists an edge between the nodes v i and v j and zero otherwise. Second is the Laplacian matrix, which is deduced from A to provide a vivid representation of the graph connectivity. The Laplacian matrix L contains both of edge information in its off-diagonal elements and node degrees in its diagonal. Moreover, the Laplacian matrix differentiates between partitioned and connected graphs. The number of partitions in one graph can be evaluated using the eigenvalues of the Laplacian matrix. The number of zero eigenvalues is itself the number of the partitions in the graph represented by that Laplacian matrix [40] . Since all the eigenvalues of a real Laplacian matrix are positive, the second smallest eigenvalue, called algebraic connectivity, determines the graph connectivity [41] .
Based on the graph algebraic connectivity, we numerically predict the connectivity probability of highway VANETs. A pseudocode of the procedure is presented in Algorithm 1 under the unit disc model. First, a weighted matrix W is generated to maintain the exponentially-distributed intervehicle spacings. Then, the unweighted adjacency matrix A is acquired by comparing each element of the weighted matrix to the fixed communication range r. Next, the second-smallest eigenvalue is determined from the Laplacian matrix L. If the secondsmallest eigenvalue is not zero, the graph is declared connected. Finally, the connectivity probability is evaluated over a massive graph ensemble.
Simulations were held to examine the proposed algorithm, and the results are illustrated in Fig. 1 . In the simulations, we considered a multi-lane road segment of length 10Km and repeated the process at different average vehicle densities and fixed communication ranges. The simulation results were found identical to the analytic curves generated from Eq. (4). Calculate the lower triangular part of W as W ji := W ij
8:
A := W ≤ r 9:
Set the diagonal degree matrix D with its diagonal elements d ii := N j=1 A ij 10:
Set λ 2 to the second-smallest value of eign(L) 12: if λ 2 = 0 then 
V. CONNECTIVITY IN RAYLEIGH-FADING CHANNELS
The wave propagation through real-world communication channels suffers from multipath fading. This, in turn, affects the communication transmissions, as the receiving terminals receive a number of delayed versions of the transmitted signals. Under the free-flow traffic, where the vehicles are widely separated, the LoS propagation is almost absent, and therefore the PDF of received signal amplitudes follows a Rayleigh distribution [42] . In this section, we thoroughly study connectivity over a Rayleigh-fading channel.
A. Communication Range Distribution
While the PDF of received signal amplitudes is Rayleigh distributed, the PDF of the received power, and in turn the SNR, follows an exponential distribution [43] . Thus, the PDF of the received SNR γ at a certain distance d is
whereγ = βP T d α Pnoise is the average SNR [28] (cf. Eq. (2)). In a Rayleigh-fading channel, the communication range becomes the contour that maintains an SNR threshold Ψ (see Fig. 3b ), which varies rapidly over time and space. Since the received SNR at a certain distance is a random variable over the Rayleigh-fading channel, the communication range has acquired a random behavior as well. In order to detect its probability distribution, let the communication range R be a random variable with a CDF of
Note that the CDF considers the probability that the communication range does not exceed a certain distance x. That reflects that the received SNR at that distance can no longer maintain the threshold value Ψ.
From the resultant CDF, it can be inferred that the communication range follows a Weibull distribution under a Rayleighfading channel with a PDF of
where λ α = ΨPnoise βP T , and λ is the scale parameter of the Weibull distribution. The average communication range, then, can be deduced as
where Γ(.) is the gamma function [44] . The average communication range represents a circle around the transmitter that averages the randomness of the communication range and its irregular varying contours. According to the unit disc model, this circle with a fixed communication range is believed to average the VANET behavior in a Rayleigh-fading channel since it averages the communication range.
B. Single-Link Connectivity
Over a Rayleigh-fading channel, the vehicles can reach farther neighbors, regardless of their connectivity to their closer neighbors. The communication channels to various neighbors are independent of each other, and only depend on the propagation environment between each two vehicles. Therefore, the single-link connectivity should consider any neighbor in the surroundings as first described in Section II. In this case, the intervehicle distance between any two vehicles in the network should be determined first.
The distance between any pair of vehicles follows a different probabilistic distribution from the one used if they become successive neighbors, i.e., there is no other vehicle between them. In order to distinguish between the intervehicle spacing, which is the distance between two successive vehicles, and the distance between any two vehicles, we refer to the latter as intervehicle distance. Since the intervehicle spacing is exponentially distributed, the intervehicle distance between any vehicle and its m th neighbor is the sum of m independent exponentially-distributed intervehicle spacings (see Fig. 3a ). Let the intervehicle distance to the m th neighbor be Z m , and then Z m m i=1 X i , where X i with the exponential PDF described in Eq. (1). Thus, the PDF of Z m would be
where the operator * is the linear convolution. The solution of the n-fold convolution of exponential distributions follows an Erlang distribution with a PDF of
where the operator (.)! is the factorial [45] . In a Rayleigh-fading channel, the single-link connectivity probability can be reasonably viewed as the probability that the intervehicle distance is within the vehicle communication range. Those two variables constitute two independent random variables. Hence, the single-link connectivity probability can be deduced as follows
where f ZmR (x, r) is the joint probability function. By substituting Eqs. (6) and (10) into Eq. (11), a general form of the single-link connectivity probability in a Rayleigh-fading channel is acquired
which should be computed numerically. A closed formula of Eq. (12), however, can be derived when the PLE is set to 2;
where the Γ(m, x) is the upper incomplete gamma function. For the sake of comparison, we derive a general form for single-link connectivity in a unit disc scenario, where any neighbor is considered, as follows
It is clearly obvious that the single-link connectivity to the closest neighbor, i.e., m = 1, tends to Eq. (3).
The single-link connectivity of a Rayleigh-fading channel is represented as solid lines in Fig. 2 . As depicted, the singlelink connectivity to the closest neighbors falls behind that of the unit disc. Moreover, the Rayleigh-fading channel could not even sustain the same level of connectivity probability acquired by a unit disc with a communication range that is either three fourths or even half as high as it is in the Rayleigh channel. Surprisingly, that behavior was completely reversed for the farthest neighbors. Not only does the Rayleigh singlelink connectivity surpass the connectivity of a unit disc with the same or a higher communication range, but also it reaches new neighbors that were not involved before in the coverage of fixed ranges. This remark matches the results reported in [35] - [38] for MANETs and static WANETs. Graph-based simulations were also implemented to validate the theoretical results. An algorithm, identical to Algorithm 1, was used to perform these simulations. The required information about the single-link connectivity was, however, gathered from the off-diagonal elements of the adjacency matrix A in Step 8, and there was no need to proceed to the following steps. Besides, the communication range in Step 1 was chosen to be a Weibull-distributed random variable to mimic the Rayleigh fading channel. The simulation results, then, matched theories as illustrated in Fig. 2 .
C. Vehicle Connectivity
We define vehicle isolation according to the sufficient conditions required by a vehicle to eliminate the network connectivity. Thereafter, we can evaluate how a single vehicle affects the network connectivity in the two different channel models. Fig. 3 : An illustration of a VANET scenario with a vehicle that has a one-side connection only, preventing the connectivity in (a) and providing it in (b). Accordingly, we get two different types of vehicle isolation, each of which matches one of the considered channel models. In a unit disc, a blocked connectivity to one side of a vehicle is sufficient and necessary to drop the connectivity. By a oneside vehicle connectivity, we only consider the connections in a predefined direction, either the forward direction to the vehicles in front of any considered vehicle or the backward direction. In Fig. 3a , if the forward direction is considered, the third vehicle from the right is disconnected from its forward neighbors, leading to preventing the network connectivity. The same result can be concluded when the backward direction is considered; the second vehicle from the right is, then, the isolated node that blocks the network connectivity. Thus, the vehicle connectivity in the unit disc channels can be narrowed to be one-sided.
In contrast, the one-side isolation is not sufficient to halt the connectivity in Rayleigh-fading environments. As in Fig. 3b , although the coverage of the black vehicle does not contain any forward neighbors, its connectivity is maintained by its link to its first backward neighbor. Consequently, the twoside isolation is sufficient but not necessary for burdening the connectivity, and then it is the convenient candidate for describing the vehicle connectivity under the Rayleigh-fading assumptions. However, the one-side vehicle connectivity of Rayleigh channels is also evaluated as an auxiliary step and for comparisons with the unit disc model.
The probability that a vehicle is connected from one side can be expressed as
where M should be the whole number of nodes located on one side of a vehicle. However, this number can be reduced to span only the neighbors within a certain area around the vehicle in order to relax the computations. With a Rayleigh-fading channel, the single-link connectivity to different neighbors can be reasonably viewed as uncorrelated but dependent events. As the connectivity is controlled by the communication channel to different neighbors, which can be assumed uncorrelated in a Rayleigh channel if the received antennas are at least spaced by a wavelength apart. Besides, it also depends on the distance to different nonconsecutive neighbors Z m , which can be assumed uncorrelated but dependent as the distance has to increase with the neighbor order. Consequently, the vehicle connectivity should be expressed in terms of conditional probabilities. For simplicity, we assume that the single-link connectivity to different neighbors are independent of each other in order to derive an upper bound for vehicle connectivity. The latter helps out deducing an upper bound for connectivity probability in Section VI. Thus, the vehicle connectivity from one side becomes
Since the vehicle connectivity on one side is independent of the connectivity of the other side, the vehicle connectivity in a Rayleigh-fading channel can be evaluated as
On the other hand, the vehicle connectivity of a unit disc is much simpler as the connections to remote neighbors do not represent unique situations. Therefore, the vehicle connectivity in Eq. (15) tends to be the single-link connectivity probability to the first neighbor, which can be declared as
Graph-based simulations were executed using the proposed algorithm in Section IV. The vehicle connectivity is related to and can be evaluated from the degree matrix D in Step 9 of Algorithm 1. A comparison between vehicle connectivity in both Rayleigh-fading and unit disc channels based on the simulation results is represented in Fig. 4 . Even though the Rayleigh-fading channel deteriorates the connectivity to near vehicles, the graph simulations show that any vehicle would maintain the same one-side connectivity of the unit disc scenario. That becomes anticipated after the results of Fig. 2 . Meanwhile, the (two-side) vehicle isolation under a Rayleigh assumption was proven to be lower than the sufficient (oneside) vehicle isolation of the unit disc, leading to better vehicle connectivity in the Rayleigh-fading scenarios. That implies that the Rayleigh-fading channels would probably experience an improved network connectivity. Eventually, the vehicle connectivity probability in Eqs. (16) and (17) were proved to serve as upper bounds for actual vehicle connectivity.
VI. GRAPH-BASED PROOF OF IMPROVED CONNECTIVITY
With improved vehicle connectivity under a Rayleigh-fading channel, it is crucial to analyze the VANET connectivity to detect the fading implications on it. The definition of connectivity in unit disc channels cannot be extended to fading channels. As in the unit disc, it is sufficient to check whether each vehicle is connected to its first neighbor, the property that is not sufficient in a Rayleigh channel. The connectivity can be retained by many other network topologies. Furthermore, provided that each vehicle is not isolated, the whole network may be partitioned. That leaves defining a closed formula for the connectivity probability nearly infeasible. Therefore, we rely on graph theory to numerically predict the connectivity probability in a Rayleigh-fading channel with Monte-Carlo simulations. Using these simulations, we also provide an upper bound for connectivity probability.
A. Graph-based Simulations
For the sake of comparison, the average communication range in Rayleigh-fading channel was set identical to the fixed one of the unit disc. This ensures that the two cases employ the same SNR threshold to assess the connectivity. The other parameters including the transmit power, road segment length, average vehicle density, and intervehicle distribution were kept the same. Based on the proposed algorithm, graphbased simulations were executed for 10 4 iterations, and the results are shown in Fig. 5 . The simulations embrace the improved connectivity of Rayleigh-fading channels over the unit disc. For different communication ranges, Rayleigh channels achieve higher connectivity probability P c at different vehicle densities. All connectivity curves tend to reach the unity probability faster in the Rayleigh-fading channel, providing higher connectivity probabilities at lower vehicle densities.
These advantages were accomplished because of the reinforced connections to extended number of vehicles. At the absence of LoS, albeit the reflected versions of the transmitted signals may destruct each other obstructing the connectivity to near neighbors, they have the chance to sum up constructively for wider ranges compared to the unit disc. This, in turn, leads to connecting more separated partitions of the network and raising the connectivity probability. It can also be viewed as a sort of diversity since each node has several neighbors to receive from. If the links to some of them experience deep fade, the others are likely to mitigate it and provide connectivity. Although other types of diversity are manmade, the diversity provided here is granted by the cooperation manner of ad-hoc networks.
B. Connectivity Upper Bound Formula
While deducing a closed form for the connectivity probability of a Rayleigh-fading channel is not straightforward, an upper bound may be more convenient. Any connected graph intuitively has all of its nodes connected to one neighbor at least. However, if all nodes of one network has at least one linked neighbor, the network may be either connected or partitioned. The Laplacian matrix can distinguish between the two cases easily, but it is a nontrivial task from a statistical perspective. Since the assured vehicle connectivity all over the vehicles of the network is necessary but not sufficient for the VANET connectivity, the joint probability that all vehicles are connected can be, then, thought of as an upper bound for the VANET connectivity.
According to Eqs. (16) and (17), vehicle connectivity depends on the number of surrounding vehicles M considered. Choosing M as low as 1 will omit the Rayleigh constructive impact on connectivity, the problem faced the connectivity analysis of [31] . Thus, M should be chosen optimally to tightly cover the true connectivity probability. Furthermore, the two-side vehicle connectivity provides a sparser VANET topology as it considers the probability of a vehicle being connected to at least one neighbor out of 2M (i.e., M of each side). Consequently, the problem of finding the upper bound of P c can rely on the one-side vehicle connectivity 
Note that the one-side vehicle connectivity, evaluated in Eq. (16), was also an upper bound as shown in Fig. 4 . With a maximum deviation of around 0.1 at a vehicle density of 0.003 vehicles/m, this deviation would diminish exponentially with the total number of vehicles according to Eq. (19) . Using simulations, with the results in Fig. 6 , the minimum number of vehicles M that should be included in connectivity calculations was inferred to be 4. In other words, the probability that every vehicle of a VANET is connected to at least one neighbor of its closest 4 forward neighbors provides a tight upper bound for the VANET connectivity probability. However, considering only 3 neighbors can provide tighter bounds at lower vehicle densities, and then a combination of the two values can be used to better express the connectivity.
VII. CONCLUSIONS
Rayleigh-fading channels were proved to have an improved connectivity compared to unit disc channels. In the absent of LoS propagation, the scattered signals have more chances to add up constructively over wider ranges, providing connectivity to a larger number of neighbors. However, the scattering phenomenon deteriorates the single-link connectivity probability to the closest neighbors. Graph-based simulations were the most convenient method to capture this behavior of Rayleigh channels. Due to the lack of necessary and sufficient conditions for the network connectivity, it is nearly infeasible to describe this behavior with closed formulas. Instead, and with the help of the proposed graph-based simulations, a mathematical upper bound for the connectivity was derived to be the probability that every vehicle is connected to one of its first four successors.
